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the previous chapter, we have studied about matrices
and algebra of matr.lces. We have also learnt that o system
of algebraic equations can be expressed in the form of
matrices. This means, a system of linear equations like

ax+b v= ¢,

a: X+ b y=c¢

2

[a, B1[x] Te
can be represented as =| | Now. this
iy byl v) (]

system of equations has a unique solution or not, is
jetermined by the number a, b, — a,b,. (Recall that if

#— or, a, b, — a,b, # 0, then the system of lincar E:S. Tapiiee
b, * ey W R T (1749-1827)

a tions has a unique solution). The number a b2 ~a, b|

a, b,

is associated with the matrix A = i
I s ~

t A. Determinants have wide applications in
ycience, etc.

ts up to order three only with real entries.

ol

an associate a number (real or
where ai’. = (i, j)\h elemem A
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_thought of as @ ch square matrix y;, |
ber (real of complex). If M is the set of squar® matt’:cesh K is the g
realorcom plex) and /- —Ki sdefnedbyf( where A e |
determmant of A. Itis also denoted by | Al or det A

1o¢ | SMATHEMATICS
ich assocmtes eac

This may be

a

- = det (A)

|Al=

b . Nia.k
IfA= [a d] , then determinant of A is wntten as
c /

read as deterrfliuant of A and not modulus of A,

(i) For matrix A, lAlis
s have determinants.

(u) Only square matrice

then determinant of A1 defined to be equal to ::

LetA=[a]be the matrix of order 1,

a; @2 . 5
Let A= { ] be a matrix of order 2 X 2,

a, an

D) - 4(-1)=4+4=8.

D .xz--(xz— D=t <iE 1"—‘- ‘

3

Blermined ty exaressing (1 M E
_.V ) . N ‘ .:‘ : : h‘" ‘ ; |
pansiloﬂt of a dﬂi\?;}n Nt
pands ng'a dbrérm &3
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‘ ding to each of three rows (R | R and
c(,,rc.spo't‘hc same value as shown belovlv. % R,) and three columns (C,, C, and

 : ) givmg the determinant of
: e de square matri *
A Con$1der rnx A [a'j]

3x3

“J‘ an a, a,,

| 1Al = a, a

‘ i 21 D a,.
e, | 2 8
1 A3 Gy Gy

3 ExpanSi"n along first Row (R))
i MUltlply ﬁrSt element .a” of Rl by (_1)” +1D [(_l)sum of suffixes in u“] and with the
.ond order determinant obtained by deleting the elements of first row (R,) and first
column () of IAlasa, liesinR and C,

A»n ap

g, =) q,

ay, Gy |

Multiply 2nd element a , of R by (1) * [(-1)vmerwienas] and the second
order determinant obtained by deleting elements of first row (R, ) and 2nd column (C,))
" oflAlasa,, liesinR and C,

0 m (_l)l +3 [(_l)sum of suffixes in un] and [he SGCOﬂd
ng elements of first row (R,) and third column (C,)

nant of A, that is, | A | written as sum of all three

¢ is given by
1 a a
¢ 1+2 21 23
) a3 d33

W a}! a23)
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+a|3a

+a,d,da,
=d, Ay dyy = A Oy, Ay = dyy ) Gy 12 e en n g

L T (1)

We sh;.-lﬂ—;ippl}; al‘l}bm"‘steps tqgether- R — W= -z |

Expansion along second row (R,)

ay Az A

JAl={ay @42 a”l
a_” a32 a33|

‘Expanding along R,, we get

a a 2

' 24!
l A l = (-1 an
la-,z (133 : a'ﬂ a}}

4, dp
4 Gy
=-a,la,a, ~-a.a)+a,l(a, a, - a,

w T, a,)

+(=1)*" ay, ’

(Ili)

=yt ad

Qe+ 0, a0, +aya, a,,-a, a,a, -a, a, a,

1990, -a,a, a, + 4, 8y a,, +a,,a, a,,

o)
a,; aj,
Gy Gy
U ay
: a,
9 -a32 a33
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|Al=@, Gy Gy = &, Gy @y ~ay a,a, +a, a, a,+d, a,a

A
I -, a4, a4y,
i _ - ¥
I =2q, @y Q=4 @y Ay =a, a, a, +a,a,a, +da,a,d,
- - a,, 4, a, o R

values of 1Alin (1), 2) and (3) are equal. 1t is left as an exercise to the

3 arly, .
_ aﬁ, v);rify that the values of [A] by expanding along R C,and C are equal to the
: of |Al obtained in (1), (2) or (3). i ‘

Hence, expanding a determinant along any row or column gives same value.

by Q¥ .
or easier calculations, we shall expand the determinant along that row or column

hichrcontains Maximum number of zeros.
'hile expanding, instead of multiplying by (—1)'*/, we can multiply by +1 or |

e e

sccording as (7 + ) is even or odd.
‘____-—"" — et e S —— - ——— ‘

2 2 1 1 b
tA= and B = \: ] . Then, it is easy to verify that A =2B. Also
(i) Le \:4 0] 120 | hdbg d 7 N

JAI=0-8=-8andIBI=0-2=-2. QS {

Observe that, [A] = 4= 2) = 2[R| or [A] = 2/|B|. where 1= 218 the vl o X

marices Aand B. ——
: trices of order 71, then {A| = k*

—

_— ) N
o O

ries are zero. So expanding along third

B 2|, |1 2
| 3

0 =-52

y
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{08  MATHEMATICS
.1 Expanding along R, w¢ 8% e
| in B _sino sinB)_ cos O oy
- | 0 st _sin o - 0 cos o.
i) Azoismﬁ 0 o
i : . 0
—o-smot(0—>mﬁ°°S°‘) cosa(smoasmﬁ )
i A {5 A ' il (¥
H ot 'FindvaluesofxforwhlchIx 1|"4 1
i . |
551 . i3 x| [3 2
A Skt We have | l ! |
i lx 11141
gt i 3 - 2= 3 - 8
“ ie. x =38
/ Hence = £2V2

F A ROISE 4.1

TR Tt e

B L ERTRPS o2

~

Evaluate the determinants in Exercmes land 2. (of oy ¥

(i)
: ‘ x+1 x+ﬂ
that | 2A | = 4 A |
e

||

3A[=27|A|

o s =
LR SRV =1
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[ PR pa | _2\
0 ~3| Gv) |0 2 -1
3 0| 13 5 0\ i '-‘@J 2%
5) ( \,T’rF%t ,\*(’\
' = ; ('ﬂi‘ YU
-3 |, find | T A -0
2 | .“nd,f\l ’ ’,.\') (€ :.".’5 (5
< voaa &AM a
5 4 9 o ,4% (¥
cof x M
Find values of .x, il ’ 5
y 4] |2x 4i ! @ 3" | x 311 y{,g[:f@'é
. . | | \ (") | . - e= 1 > -
3 'i |6 x| |14 5] |2x 5|
o |
W /
i Rl 21 / VxR
\?\ " ! fl ¥ |, then x is equal to Sy
18 x! 1i8 6|
&) b (b) =0 (C)y -6 (D) 0

Inthe previous section, we have learnt how to expand the determinants. In this section.
vill study some propertics of determinants which simplifies its evaluation by obtaining
b w of a column. These propertes are true for

: Wiﬁﬂ"& FOW ©

shail restrict ourselves upto determinants of

smains unchanged if its rows and columns

— N

b, '

y (.)

| ~

|

B +a (b c,-b,c
vet the determinant
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MATHE AATICS

column, we get .

" xpanding A, along first o
i e b,) - a, (b, e, - b, c)+ "3 (0, ¢, = bz <)

A=d, (bz ;-6
Hence A=A,

It follows from above propcrty'that if A
det (A) = det (A"), where A” = transpose of A.

is a square matrix, they |

If R = ith row and C, = ith column, then for interchange of row ang

columns, we will symbolically write C, <> R,

Let us verify the above property by example.

9 3.5
Verify Property 1 for A = 6 0 4
1 5 -7
Expanding the determinant along first row, we have
2O 4 (3)6 4+56 0
e 1 -7 |15
=2(0-20)+3(-42-4)+5(30-0)
0138 + 150 = - 28

olumns, we get

Scanned with CamScanner



DETERMINANTS 111
anding along firstrow, we get
EXP -
A=a, (bz Lo b3 Cz) -4, (bl % b3 C|) +a, (b' ¢, - bz c')

Interchanging first and third rows, the new determinant obtained is given by

C' C2 (.’%
|
a da; a

Expaﬂdi"g along third row, we get
A =a, (¢, B, = b, c,)) - a, (c, b, - ¢, b)+a,(b,c, —-b,c)
=—[a, (b, ¢;— by ¢) - a, (b, c,-b,c)+a,(b c,-b,c)l

Clearly &= A
gimilarly, we can verify the result by interchanging any two columns.

We can denote the interchange of rows by R, > R and interchange of

- | oumsby G, & G

| 2 3 5
Verify Property 2 for A= |6 0 4.
S5 -7

-1
+

4

:‘\«"7"1 + 42) +5 (0 it 30)
=28
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[y MATHEMATICS
A =-A

Clearly
Hence. Property 2 18 verified.
< (or columns) of a deter minant

| by If any WO TOW?
clcmc>us are same). then value of deterninant 1 7€10.

f
ws (or columns) O t

it follows that A hi

re identicad alleomes pongi

he determinant A, (hénA |

If we interchange the identical ro
1s changed 1ts sign

does not change. However. by Property 2,

Therefore A=-A
or A=0

Let us verify the above property by an example.
3!
3|
|
3|

3

i

(N ]

Evaluate A\ =
3

2

Fapanding along first row, we 22t
A=3(6-6)-2(6-NH+ 3(4--6)

—{) - : (~-}i + -§ (_2) = ) - 6 =4

4

of a row (or a column) of a determinant 1s multipiicd by 4

e ———
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DETERMINANTS 113

k al k bl k Cl al b' C‘ !
gt ay b3 C3 l ay b.‘ e

Fho
By this property, we can take out any common factor from

: any one row or any
one column of a given determinant.

@ If corresponding elements of any two rows (or columns) of a determinant are
proportional (in the same ratio), then its value is zero. For example

a a, ay

=0 (rows R and R, are proportional)
ka, ka, ka,!

X~ ony v

g [lo2 18 3 |' -
"\l oEvaluate | 13 4i
| 17 3 6 |
3) 6(6)'; i17 3 6
.}‘3 4 :6‘1 3 4/=0
6 ‘ 17 3 6

(Using Properties 3 and 4)
r column of a determinant are expressed
inant can be expressed as sum of two

P P \
b b, b
€ C, Cy \

o
.
- -
"G o T
s ] L
= S L. b

Scanned with CamScanner



114 MATHEMATICS
we get

the first row,
EXP‘mdmg the determmants R0 + }‘cz) (b, O b3 c|)

= (a, +A) (b, ¢ —c,b)"("z

+)L)(bc—b ¢, |
:((‘;7 ¢, - ¢, b, - a, (b, ¢, - b, cl)+a3(blCZ—b2c|)

+ A, (byc,— 6 b)-—)» (b, ¢, — b ¢)+ A (b c,=b,c)
(by rearranging tep

a, a?_ a3 }\rl .}\2 A’}
_lo b, b|+|B b b =R.HS.
q € G g € O

Similarly, we may verify Property 5 for other rows or columns.

t,J a b C
yyymﬁp 10 Show that |a + 2x b+2y c+2z|=0
X iy Z

¢ ch‘abc.

c+2z| =|a b c|+|2x 2y 2z

z x y z"Hx v %
(by Property |
)=0 (Using Property 3 and Property4

'row or column of a determinant, the equ1mllltll’les
oW (or column) are added, then value of dctermlﬂaﬂ‘

by i by il
¢ s
4 kR3 .
€ third row (R) by a constaﬂl .?l
Irst row (R ) ' : ,
'R, +kR
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DETERMINANTS 115

L

a, @, ke, ke, ke
W= b b bt bh b b (Using Property 5)
6 € G G 0 6
=A+0 (since R, and R are proportional)
A=A,

nce

s
";:A' is the determinant obtained by applying R, — kR, or C, — kC. to the
determinant A, then A, = KA. |
f . i) If more than one operation ]i].(e R =R, + kRj is done in one step, care should l?e
. taken to €€ that a row that is affected in one operation should not be used in
another operation. A similar remark applies to column operations.

) as  a+b a+bt+c fYB
3

LYV
lﬂ;\rbve that |2a. 3a+2b 4a+3b+2c|=a ey
3¢ 6a+3b 10a+6b+3c -

4 3

ations R, & R, — 2R, and R, — R,
P S . -
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6 L
l"' ample wehout expandmg, prove tha
2hy YTE Ay
e 2 ) o el
P
| Suluﬁ(mApplying R = R, +R,t0 A, we get b A
| x+ytz xhytz FEITZ |
B s
1 ! :
Since the e]gr'ﬁents of R, and R, are proportional, A=0.
!.\:nm,»:;" r T‘Evaluate
N g be
A= ’] h ca
. l] ¢ abl
Soluiton
Applying R, &> R, ~ R, and R; — R,-R,, we get
' bc
c(a-Db)
, b(a-c)

c — a) common from R, and R,, respectively, we get

okl s dabie
a+b

A
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DETERMINANTS 117
- R, - R? - R;; to A, we aet '

,\-’l.”g :

,:0 _2? =2b

| é a+b’

o ding along R,. we obtain

A=0 il ~20” b b
2 c a+b C a+b 2D Gy G
; =2C(ab+b2—bc)-—2b(hc—c2—ac)
=2abc+2ch®-2pc? ~2b% + 2 be* +2 abe
13 =4 abc T
R < g
B IS < T - |
i if &, v zare different and A=y v {4 v‘i--"), then
o : ' ’
PV TP z
that 1 + vz =0 @ /
o tion
1 We have
2ol
1+ _v3
sng Property 5)

(Using C,¢>C, and then C ¢ C)

Scanned with CamScanner



118 MATHEMATICS

2 ]
| X X |

= (1+ - . ing R, >R -R, and R, —

= (1+x2)0 y-x y?=x? (Using K, 2 1 Ri‘”RI) .‘

2 2
0 2=x 727-x

; : et
Taking out common factor (v - v) from R, and (7 - x) from R, we g

ll x  x*
A= (l+07) (v=x) z—=x)[0 T y+x
0 1 z+x

= (1 +xy7) (y = x) (z - x) (z - y) (on expanding along C )
Since A =0 and x, v, z are all different,i.e., x—y#0,y—2z#0,z—x#0, we get
l+xvz=0

Example 16 Show that

l+a | I

| l1+b | =abc(l+-l—+l+i]=abc+bc‘+ca+ab
a b ¢

| 1 l+¢

Scanned with CamScanner



r h > )
J b9
DE mRMNQS 119

l\a'
I | | N o
czbc'(l+-'-+l+w“ l l &
= a b (/%-b- ’51‘] .Z’. \
%715
4 i +l .
1ppr'"8(— —)C C C—.)C C Weget
10 o
L 1
= abc| 1+ —+ — & =
S T
|
- 0 1
& :

=al)((l1-z+ +~ .[ll—())]

[N
= abc(l+—+—-+—

=abc + be + ca + ab = R.H.S.
a b c

—:>C cl*&,

L ean deshetudBN TS P B

@ N ote | Alternately try by uppl_\'izlgt.-Cfl 2+ G and C, 2L - C.tihen applq
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' inants, in EXerciscs 6 to 14, show that:
By using properties of determinants, 2
y | T ¢ _q° ab ac
0 a b A?b ¥ by b be|=4ape
/Q)(X; ;a 0 \ v %" . . Cb —62
n . |
A‘(\ |
X : z (,)JYT . (
fﬁop 0 ﬁ O |1 a a | :
hllob b =(a—b)(b—(‘)(c—a)

I ¢ ¢

i 4 1

a b C|=
a v

; i

)
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% <
X =(l - )2
|
2ab
2ab 1= & b2
13 2b —2a
a’+1 ab ac |
ap B4l be |=lia?+bt 4ot K> R+bRz
14. 2
' ‘a b c”+1
¢ ¢ Ry> Ry -aRs.

Choose the correct answer in Exercises 15 and 16.
' Let A be asquare matrix of order 3 x 3, then | kA| is equal to
19 (A) kA (B) k*|A] %MM (D) 3k|Al
- ﬂWhluh ot the following i3 rr;(;tt k. . X 3
r associated to a matrix.

associated to a square matri'y

i that the area of a triangle whose vertices are

. 1
n by the expression = lx,(r,vy) + X, () +

be written in the form of a determinant as

1 P‘NJ LB

1 - )d '
{ey DT ‘)")‘f ] | ." ]

3

always take the absolute value of the
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it ! :
ative values of the determy, an g

0. use both posiive and neg

M 11 area is give
calculation. ; g

; o O sl POINLS 18 Z€e10.

) ‘The arca of the triangle formed by three collinear p

. (> wl1ees & 3,.,—- 2-
Example 17 Find the area of the triangle whose vertices are (3, 8). (= 4, 2) anq (5,4

> Solution The wrea of triangle is given by
g %
| : o)
B i) Secz
B 5 1 ll
= % [3(2~ l)_-x(-4-5)+|(--4-10)]

SRR

34+ 72-14)= .
and B (0. 0) using determinant
BD i3 3sq units.

l\)‘u——

| ";"Example 18 Find the equation of the line joining A(1, 3)
and find & if D(X, \9 is a point such that arca of triangle A
N Solution Let P (x, v) be any point on AB. Thén, ared of triangle ABP is zero (Why?). §g

0 0 1

i3 1l =0 6‘71
Yoo >6§ﬂ1,

...
i
—
—

Jine AB.
wele ABD is 3 sq. units, we have

‘ .
ERCISE43] (o0
tices at the point given in each of the
() (2,7),(1, 1), (10, 8) E
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DETT RVUINANTS 123
Ghow that points .

Al b+ B cta)yCi gy b) are collinear
Find values of & if area of riangle is 4 Sq. units and \./ertice
| | 18 . units s ar
) (& 0), (4,0), (0,2 A0 (-2,0), (0 4), (0, k) :

) Fi . el (1,2)and (3,6) using determinants.
(i) Find equation ol line joining (3, and (9, 3)

4 Find equation ni‘lincj(‘)ining

using determinants.

ertices (2, - 6), (5. 4) and (k,4). Then k18
| (A) 12 (B) -2 (©) =12 (D) 12,=2

A5 Minors and Cofactors

g, If arca of triangic is 35 sq units with v

~ qn this sc-:cnon. we Wl. Ll learn to write the expansion of a determinant in compact form
- ysing minors and cofactors,

| Ml!llk)f! l‘ Minor of an clement a, of a determinant is the determinant obtained by .
delefing 1ts ith row and jth coluimn in which element ¢ lies. Minor of an element @ is
1y Uy
denoted by M. . :

~ Remark Minor of an element of a determinant of order n(n > 2) is a determinant of

(R

| ’;l
i |
nent 6 in the determinant A = '4 5 ’6'\
\.7 8 9‘

ond row and third column, its minor M, is given by

it a,, denoted by A, 18 defined/by o
. \ ,is mmnor of a,. 4

1 =2
ors of all the elements of the determinant \ A 3\ .
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MATHEMATICS

124
| M,, = Minor of the element @,, =
Now, cofactor of a; is A, So
yEED'" M, —(—1) @r=3
-(—l)'” M, —(—])’(4)——4
A,- = (13t M, = 1) ©2)=

22=("1)’+' L 22=(“1)4U)"‘ 1 ‘ :
o elements @, @, in the determingy,

, Find minors and cofactors of th

Fix; Z"l":l' |

oM

da; as

ll asp a}.’i |

By definition of minors and cofactors, W€ have
SHIL

) = a24’ U, Uy @
1 =M, = = Uy, Uyy™ 3 Y32
Minor of a,, 0 lay,  as )
= 1+ = —-a,d
Cofactor of a,, = A, = D™ M, = a,, 853~ 4% |
4‘

M, = (-1) (a,a,— 4, a,‘,) = —a,,d,;+ dy0

t A, in Example 21, along R, we have
,aql 0—,2 |

|
23|
|+ D a, Iam o

‘where A is cofactor of a,
0 R, wuh their cor r(,spondmo cofactors
y other five ways of expansiof that is along R, Ry

4
{

of clements of any row (or column) With the
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DETERMINANTS
A=a, Ay, ta, An ha, An "
Uy a
2 a (_l)“l 13 d
\ G G| 0 SH :‘:‘ :l: ta,(-1)y» ‘2! a4
2 1

ay  d,  a;,

I Oy :

nce R and . )

| and verify that
! J @y Ay + a.A, + a,A.=0

i 5 .-7:

s Find minors and cofact
‘ ors of t
Example On L he elements of the determinant
R -3 S|
60 4

¢
We have M, = \5 _7|‘ =0-20=-20; A, = (-1)"(=20;=-

Solution

gl ==42-4=-46; A =(-1)"(-46) = 46

A|3 - (—I)“} (30) = 30
A, = =D*'(-4)=4
A, = (1M (-19)= =19

A, = =10 (1) = 213
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yine fo be witiPr

M.’\'l'”fihfl.v‘\'l'l('.ﬁ

2y _g-30 ) A, = (=1 G2
M,, I(, 4
2 “3;_04_]8—_-115 A =(=1r~(lsy= 1§
= 0] 2 A, =22,A;=18
a,=2 a,=-3 a,=5 A= e B
@y Ay ¥ a,Ay, t 4, A, .
2 (12)+(-3) (2D +5(18) = -24-66+ 90 =0
It [EXERCISEAA) eacq Not Mo, M}\
é Write Minors and Colactors of the elements of following ‘1‘ terninanis:
' 2 -4 o la ('f
ﬁ L O |, 3’ LI
'} 1 0 0 o0 4
1 5. (i) |0 1 o, i) [3 5 -1
' 0 o 1 2
5 N
3, Usmg Cofactors of elements of second row, evaluate A = ‘2 0 1},
3 i ) 1e 2 3\
| 4 1 x

y ¢
~ P4

and A_is Cofactors of a,, then value of A is given by

2/

_‘f. a A (B) a A + a A e a A oy i
a‘); AU M a” A + a A 1o a < [
f Matrix :

d1ed Inverse of a matrix. n J
verbe of a matrix,

~' we shall first define
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DETERMINANTS 127

gjoint of @ matrix

6 . 3The adjoint of a. Squaie matrix A
‘ ﬁni,‘:i’( (AL where A_is the cofactor of
( ]"‘ b 1

: jgﬂmed hy adj A-

A

; la,l, . is defined as the transpose of
¢ clement a,. Adjoint of the matrix A

|
A =1y sy sy,

s u«_‘ Uy j

A Ap AR Aj)
Afl A:: f\:_;
LA.‘I AA: A,u_]

|
adj A =Transpose of

Then

[2 3] | :
1 3 Find adj A for A = Yy
Epcample 23 / Ll 4J e
| soluﬁﬂﬂ We have A, =4 A, ,=-1,A, =-3,A =2
| . /\./{
| i WIA=IA, Ap| |1 2
, 12 %)

llemark For a square matrix of order 2, given by )

Interchange
;_js ut proof.

ptrix of ordet n, then

‘il“"‘ ;.\) A = ‘A\l 2L
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(25 MATHEMATICS

Y ericalion -
' Al
B,y -y | Ay A \“
1 %12 |
q2 oy /\ - A '1_"‘ iIvn
' A = i dy  dyy U3 |, then adj A= 1” %
].:'.. ey =s ‘ LAI3 Azz i

l_“%l dy) O
elements of a row (or a
ro, we have

£ columnn) with corresponding
Since sum of product O
cofactors is equal to |ATand otherwise 7¢

[a o 0] Y

: i .
A\ {ud) A) = | ¢ }AI O | = |/\. PO (/‘
o 0 Al o0 0 1]
5
¥oy t yr s e /5” \ ‘; i

L L} TR 1 1 i ‘\3 ""-"(.I /'\ I’.\ o i‘..‘\i l

tirgijon 4

e tatrie A is said to be singoiar A = v,
P2 |
muzl fe. the deterpnnaiit of matrix A = | 4 8} is 2800
L

w2
hen (Ai=|, |=4-6=-2=0.
3 4
sorenis without proof.
| Im AN e |
> ponsingular matrices of the s; .
ces of the same order, TSRS

it of the product of matrices is equal to product of ther
|Al iBl whereAand B are vy ol
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ETEKMINANTS 129

4

g determinants of matrices on both sides, we have

Al 0 o
(adjA)A| = [0 |A] 0
0 0 |A
1 0 0
ladj A 1Al = A0 1 0 (Why?)
‘O 0 1
I(ad; AN Al =[AF (1)
[T AT=TAT_J/
encral. n'Ai% a NOFFSHE =erder 71, theﬂ(A)l’lAl” ' e
jeoren! JA square are matrix A is invertible if and only if A is nonsingular matrix. LA g |
LclAbb mvemglc matrix of order n and I be the identity matrix of ordern {: ff'

ists a square matrix B of order n such that AB = BA =1

en. there exl |
AB=1 So |AB| = [I| or |A|[B[ =1 (since 1|=1,|AB|=|A|[B)

is 2IVES |A} # (. Hence A is nonsingular.

versely, let A be nonsingular. Then Al 20

A (adl A)= (ad] (Theorem 1)

it A adj A =|A| 1. Also find A",

33-4)=120
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Therefore

Now

l A]’-——l Azlz-—}. A il "~§3‘Ah§.q
s e B ”—ﬁ\n
o s —-3]\
adj A = 3 K
| = 9 lJ
"l 3 3 r7 -3 =3
aaia=14 31 19
1 3 4)[-1 0 [ ]
[(7-3-3 -343+0 -3+0+3
_{7-4-3 -3+4+0 -3+0+3
7-3-4 -3+3+0 -3+0+4
1 0 0 ,rl 0 0
={0 1 0f=() |0 1 0f=|ALI
0 0 1 10 0 1

-3 =3 7 -3 -3
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DETERMINANTS 131

1A -1 1 f3ag ‘
B'A"'=_ =4
refore [ -3
The TE(1 Ty 5 =_l[_14 _.5] » 1[14 5]

gence (AB)" =B~ Al . EEHE
cest Uiy ,
v = ) 2 3
Je 26 Show that the matrix A =
Examp ) satisfies the equation A2— 4A + [= O,

is 2 x 2 identi i
where 11 ity matrix and O is 2 x 2 zero matrix, Using this equation, find A,

solution We have A%=A A - [2 . [2 3:] _{7 12]

| 2.- 1 2 ‘4 7
3 Hence A2-4A41= [7 12]_ 8 12] 1 0] [0 o
4 ' ¢ 7] 14 8] o 1] Horol
‘ Now A’—4A +1=0
Therefore AA—-4A =_]
- | =
IAII | or A A(A )—4AA =_TA (Postmultiplyingby A" because |A| # 0)
or AAA"Y-4]= ~ A '_
or AI—4I=_A~1

IEXERCISE4.5( O % % o """
in Exercises 1 and 2. ]
B -1 2]
8 5
o ]
| T in Exercises 3 and 4
B 2]
L -2
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. it exists) given in Exercises 5 to 11,

i 2 3
5 0o 2 4
J 710 0 5
i 3 Pl 2
D 2 3
0 10. 1
1 13 2

12. 203

(@IfA—[B lJ show that A? — 5A + 71 = O. Hence find A"
-1 2) ‘

a,
132 ’
| 8. For the matrix A = I l]’ find the numbers @ and b such that A” + aA + bI =0. e
i A
el ! Then, the system ¢
i =(1 2 3
— For the matrix A o
s , Zael 3 y
i . » 2
4+ 5A + 11 I = O. Hence, find A"* -
A o 3

41 = O and hence find A-' - (\0 t“*
jare matrix of order 3 x 3. Then’l adj Al is equal 0
©) |A|3 - (D A ; iy \Q\D‘W

1x of order 2, then de“é"lise to

O 1
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DETERMINANTS 133
ol Determing nts and

discuss application of dere G€S
- inear equations in two or three vaﬁables":ln?japts e matrices for solving the
' f linear equations. or checking the consistency of

3 A system of i 1

(ent system €quatons is said to be . e
. consiste 1

) exists: nt if its solution (one
E stem A syst . &

tent system A system of equations is said 1o be inconsistent if its solution

of exist.

L —— (11} dp ’ W L

.{iv“,,.- ue solutions only. ' ‘of tinear equations- v

: ok P VSR eql Uear ¢ QU JASi | |
| gt{ﬁig g:ti}f}éfﬁ B ind&F &qutionian miatH¥ elUidtions drid é4€ them using
1;' isider the system of equations

ax+by+cz= d

a,x+by+c,z=d,

a,x+b.y+ c,z= d:

a b ¢ X d,
A=|a, b, c,|, X=|y|andB=|d,
a by ¢ z d,
, the system of equations can be written as, AX =B, i.e.,
q b q]fx|

Aot 5

2 exists. Now

(premultiplying by A)
(by associative property)

r the given system of equations as
ystem of equations is k nown

——————
e s—
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134  MATHEMATICS W

i ing i =0.
Case T I-f P‘t“ls a singular matrix, t.hg n |Al
In this case, we calculate (adj A) B.
/—.M e . .
If (adj A) B #0,(0 being zero matrix), then soO
of equations is called inconsistent. e
If (adj A) B = O, then system may be either consistent or inconsisteng 5,
as the system have either infinitely many solutions or no sofution. "%

————————————

lution does not exist ap, ™ "
—/A

e

/—-’-——-—_‘—-—- -
. Example 27 Solve the system of equations
?‘319 2x + S_V =1
' 3x+ 2y = 7

The system of equations can be written in the form AX =B, where

Solution
' 2 5 > 1
A= ,X= and B=
3 2 y 7

Now, |A| =_11#0, Hence, A is nonsingular matrix and so has a unique solutig,

Note that A-‘:——l— .
. 11|-3 2

ve the following system of equations by matrix method.

3x—2y+3z:lg
2X+y—z:l
4x -3y +2z=4

‘m of equations can be written in the form AX = B, wher

& 8
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A, =00
B 2% =0 13
A3|_ i A32~9, A23=1
A33=7
A"=~i . = L
S
=1 LU
% e A 1T
= "B:__ . _
S0 , 17 8 -6 9||1
-10 1 7|4
utig, X I -17 1
ie = _ﬁ =34 |=|2
-51

Hence gﬁx x=1l,y=2amdz=3 .

Example 29Th€ sum of three numbers is 6. If we multiply third number by 3 and add
second number to it, we get 11. By adding first and third numbers, we get double of the
second number. Repl'esent it algebralcally and find the numbers using matrix method.

rd numbers be denoted by x, y and z, respectively.

iz =11
pz=2y orx—2y+2z=0
. B, where
| 11 G X 6
0 1 3|,X=|y|landB=|11
s z 0

—9 0. Now we find adj A

__(0_3);3, Al =-1
0 A,=-(2- 1) =3

3_0)=-3, A,=(1-0=I
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-3
adj A = g
Hence | o 3
7 48 2
| a3 O B
A-le adj(A)=9
Thus | | -1 1
. X=A"'B
Since -
7 -3 2|6
x=+3 0 -3
N 3 10
x 42-33+0 9 1
y|_ 1|18+ 0+0 _ L8y
= z| 9 |-6+33+0 9 |27 3

x=1,y=2,2z=3
% [EXERCISE46|' . [ -
-r_ } (8 ) B Sy “r ) ’.' o 2
tency of the system of} equations in Exercises 1 to 6. -
B 2. 2x-y=5 3. x+3y=5
- x+y=4 © 2x+6y=38
i 5. 3x-y-2z=12 6. 5x-y+4z=5
/ 2y =gl 70 2x+3y+52=2
P 3x-5y=3 5x -2y +6z=-1
Juations, using matrix method, in Exercises 7 to 14.
8. 2x—y=-2 C4x -3y =
%9 ) 1‘1% 4x-3y=3
3Ix-Sy=17

112; x-y+z=4
Y 24 y-32=0
x+y+z=2
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DETERMINANTS 137

B2 s
3 2 -4/ find A7 Us;
= a mg A-l
{ i A Ry -2 Solve the System of equations
-3y +57=
x+2y-42= _5
\} .
9 X+y—=2z= _3 Y-
2 - « dAman.
Ao cost of 4 kg onion, 3 kg wheat and 9 kgrice s R
o s 60. The cost of 2 kg oni
g wheat and. 6 kg rice is Rs 90 The cost of 6 kg onion 2 kg wheat a%l:l)ll;;(n’
iis RS 70. Find cost of each item per kg by matrix method \ g;ﬁ )]
Miscellaneoys Examples S “Q&
- AV |
M a, b, c are positive and unequal, show that value of the determinant
a b ¢

A=1b ¢ aljs negative.
c a b

lution Applying C, = C, + C, + C, to the given determinant, we get

g+btec b ¢l ... 1'b ¢
A=l|atbtc ¢ al=(@+b+c)|l ¢ a
L leipiEEsEE. | o b

(ApplyingR,—»R,-R,andR,—>R,-R))

(a—c)(a-b)] (Expanding along C))
,u + bc + ca) :

2c2 - 2ab ~ 2bc - 2ca) )

)+ (c-ayl
2 + (b-cy+(c-ay>0)

kil ol
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138 MATHEMATICS

' Example 311f a, bl ?

’@94’ gy+d Sy+7 8yte : :
3y+5 6y+8 A=, B, ""’bg

Ayv6- Ty+9 10y+e :

‘are in A.P, find .value of

SolutionApplying R\ = R, + R,- 2R, to the given determinant, we obtain

0 0 0

3y+5 6y+8 9y+b =0 GSince2b1=a+C))

4y+6 Ty+9 10y+c

(y+z)  xy 7x (((O W)’% ]
(Q § y6+o Z')3 %9

xy  (x+z) VZ |=2xyz Q ,>)2

xz vz (x+y)t ——

Applying

>xR,R, - yR,,R, —> zR3 to A and dividing by xyz, we g

Xi7

z(x+ y)2
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. DETERMINANTS 1
common factor (x +y + 7) frop and C 39
2

Wg 3 we have
(v+ z)

X—

2 (x+Z)_y 5
7z
: (JC+ y)_z

Applying R, R, - (R, +R)), we have

2yZA _22 5
L g 2 :
A8 el B X=iy=y 0

2

’ ] X+y-z

, 1 | ‘
(= h 1 1 v
- e y C)and C, A(C, +EC1 ) we get

A=@x+y+2? |y " xtz =
Z <
2 7*
= — Xty :
y .

Finally expanding along R , we have
A=(x+y+2) 2y2) [( Zi) (x+y)—yzl = (x + y + 2)? 2y2) (x* + xy + x2)
: ny ¢ »\

—2
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Hence

Now, given systerm ©
1 -1

0 2

3 2 4]

c

LR =X R 10 A, we get

b cx+d px+q

|l
Py

- -
- o

Q= O

matrix form, as follows

I

£ -
-3
-2

(2 0
9 2
6 1

-1
2 -3
2 4

-

3

=042
9+2-6

L6+1 4
x=0,y= Sandz 3

+dx p+qx
=(1-x")

T 9 ©

&9
< QU 0

1% w

\e O’W
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ngz-"Rz'vaweget DETERMINANTS 14,
, a c p
| A=0-x)b d 4
u v

% sin@ cos hey ¢ ¥ oa :
i &0 11°¢
{, prove that the determinant|—sin@ _, L .UdeT d :

S Independent of 6.

cos 9 1 5

a a2 bC 1 a2 a’

2, Without expanding the determinant, provethatlb b cal = |l p* b
' c ¢ ab b 2

coso. cosP coso sinB  —sin

3, Evaluate | —sinf cosf 0
sinot cosfp  sinoasin  cosa
4. If a, b and c are real numbers, and

\" 4 3 0| find(ABY!
f' L \Jp\ (

'f‘f":“s"""p‘. a[&/' _‘f:
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142 ,MATI{BMATWS

1 2 1
Let A _|-2 3 1]. Verify that
. s 15 |
@) ladj A" = adj (A™) (i) (A')y' = A
x y x+Yy oy
9. Evaluate | Y x+y X ?
5, % o) 4 ) X y tp
1+6\*Q
Lox p345 = (@t plv )
10. Evaluate || x+y ¥ -
I X X+y U

vy ¥ o+f £

j/ Using properties of determinants in\“ixcrciscs 11to 15, prove that:
|

i ,

f’{ a o B+y ,

'! 11. 1B B v+ofr=B-v) (Y- (o -P) (oz+(3+y)y

"=3(a+b+c)(ab+bc+ca)

'z

” (D, v -

R .
}! siny  cosy’ cos(y+5)

2 equations

[ =1
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-1.5)
§ 0,22 "R s 4
o = ¢
9o 20 . :
= =
y 2

e the correct answer in Exercise 17 to 19
. [fa. b, Care in AP, then the determinant

| +2 x+3 x+2a
Frd x+5 x+2c

~., J | ?}49 ) (B) 1 ©) x (D) 2x

S _ ~"".> w

e _ ' x 0 0}
§, If x,y, zare nonzero real numbers, then the inverse of matrix A=|{0- y 0|is

0 0 z

(] .:_ Det(A) € (2, )
¢ Det (A) € [2.4]
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WITTENTEEY ¥

Detcnninant of a matrix A = [a“],,, is given by Iau. =a,

Determinant of a matrix A =[ % a,z] is given by -

a4 O9n
a9y
lAI: ay a4y =a, 4, — 9, @y
P-a] b] Cl-
Determinant of amatrix A=|a, b, ¢, | isgivenby (expanding al‘ng)
_ 1
: a3 b ¢
a b ¢
b Ia C a b
Al=la, b, ¢|=a |’ cz,_bl * Hig P
b, 6'3, a; Cj a; b
a; by c

For any square matrix A, the |Al satisfy following properties.
|A’l = |Al, where A’ = transpose of A.

If we interchange any two rows (or columns), then sign of determinant
changes. ' i’

*»If any two rows or any two columns are identical or proportional, then value
- of determinant is zero.

| lfwemﬂnply mh elemmt o.f arow or a column of a determinant by constant

k, m value ef mnt 1s multiplied by £.

f.e by k means multiply elements of only one row .

g lumn in a determinant can be expressed as sufl
» then the given determinant can be expressed 48

:‘,‘ Cﬂlllmn t\‘n — WL L2 i . 2 . ki et oL/
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o'iangle wim veruces \Jl’ 'yl)’ \‘xz’ )’2) aﬂ(l (x,, y3) 15 glVen Dy

£
gt 0 i
5 x y, |
T ]

ement a,, of the determinant of matrix A is the determinant

Miﬂor 0 By deleting i row and j” column and denoied by M o

[} ob(ainﬁd _
COfactor of 4
of determ

b inant of a matrix A is obtained by sum of product of elements
' v:l row (0r 3€°
0

jumn) with corresponding cofactors. For example,
lA': a, A” +a, A” +.0 AU
clements of one Tow (or column) are multiplied with cofactors of elements
¢ (I,ffany other row (Of column), then their sum is zero. For example, a,, A, + 4,
Aﬂ +ap A 5" ¢
(0, 2 D3 Ay Ay Ay
W A=|ay @n G| then adj A=A, Ay Ay where A, is

_(1-31 s 2% _4 Al3 A23 A33J

cofactor of a;
oA (adj A) = (adj A) A = |A! L, where A is square matrix of order 2.

» A square matrix A is said to be singular or non-singular according as

|A|=0or |A]#0.

B is square matrix, then B is called inverse of A.
lhence (A7) =A.
and only if A is non-singular. 1AIX0 .

N . g - |
/) LN / : o~
B 5
£ 2
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" VAN
146 MATHEIWATI(’LWA) B,_O @@R =0 A 7z

gpncl sl
Unique solution of equation AX = B is given by X = A-1 B

’ Wh
A system of equation is consistent or inconsistent according a:rie 'A,*O,
exists or not. tho'
For a square matrix A in matrix equation AX =B

(i) |A]#0, there exists unique solution

(i) [Al=0and (adj A) B = 0, then there exists no solutiop
(i) |A|=0 and (adj A) B = 0, then system may or may not pe Cong
. e

The Chinese method of representing the coefficients of
several linear equations by using rods on a calculating board p
discovery of simple method of elimination. The arrangement of

the Unknoy,, o
aturally Jeq o
rods wag

_ idea of subtracting columns and rows as in si
‘Mikami, Ching, pp 30, 93.

°rms of its complementary minors, Iy, 1773 Lagrange
- Second and third orders and used them for purpose
quations. In 1801, Gaygg used determinants in his

Was Jacques -
1€ product of
Ofm =nred

Philippe - Marie Binet,(1812) who -
twWo matrices of m-columns and - ‘
uces to the multiplication theorem. -

oY Was Carl Gustay Jacob Jacobi, after
- Scanned with CamScanner



